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ABSTRACT The rotating boundary layer flow over a shrinking permeable surface in
nanofluid is numerically studied. The similarity transformation is used to transform the partial
differential equations into nonlinear ordinary differential equations. Later, these equations are
determined by using bvp4c package in the MATLAB software. The numerical results reveal that
there is more than one solution called dual solutions obtained for a certain range of the rotation
and suction parameters. A stability analysis is performed to determine which solution is stable by
depending on the sign of the eigenvalues. Based on this analysis, the results indicate that the
upper branch solution (first solution) is linearly stable, while the lower branch solution (second
solution) is linearly unstable.
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ABSTRAK Aliran putaran lapisan sempadan terhadap permukaan mengecut yang
telap di dalam nanobendalir dikaji. Penjelmaan keserupaan digunakan untuk menjelmakan
persamaan perbezaan separa kepada persamaan perbezaan biasa tak linear. Kemudian,
persamaan ini diselesaikan dengan menggunakan pakej bvp4c dalam perisian MATLAB.
Keputusan menunjukkan bahawa terdapat lebih daripada satu penyelesaian yang disebut
penyelesaian dwi diperolehi untuk julat tertentu bagi parameter putaran dan sedutan. Analisis
kestabilan dijalankan untuk menentukan penyelesaian mana yang stabil dengan bergantung
kepada tanda nilai eigen. Berdasarkan analisis ini, keputusan menunjukkan bahawa penyelesaian
cabang atas (penyelesaian pertama) adalah stabil, sementara penyelesaian cabang bawah
(penyelesaian kedua) adalah tidak stabil.

INTRODUCTION researchers in fluid mechanics. This issue

attracts researchers because conventional

Along with the development of technology heat transfer fluids like ethylene glycol, oil
in this day and age, the usage of nanofluid and water have poor thermal performance in
became one of the hot issues to some a cooling system. By using such fluid as a
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cooling tool will definitely enhance the
manufacturing processes as well as
operating costs. This fluid is formed by
dispersing some of the nanoparticles into the
base fluid which is water. After the
discovery of nanofluid by Choi (1995),
Bachok et al. (2010, 2012), Reddy et al.
(2013), Das et al. (2014), Rosca and Pop
(2014), Naramgari and Sulochana (2016)
and Othman et al. (2017) have attempted to
focus their research on the boundary layer
flow of nanofluid using different effects and
surfaces. Recently, the nanofluid problem
with the presence of rotation in the flow is
investigated by Nadeem et al. (2014) using
two types of nanoparticles, namely, copper
and titania over a stretching surface.

However, up to today, there are still only a
few studies regarding a stability analysis of
the dual solutions for the boundary layer
flow and heat transfer. The idea and
procedure to determine the stability of the
solutions obtained has been triggered by
Merkin (1985). This analysis later was
continued by Weidman et al. (2006), Harris
et al. (2009), Mahapatra and Nandy (2011),
Sharma et al. (2014), Hafidzuddin et al.
(2015), Najib et al. (2016) and Yasin et al.
(2017). They concluded that the upper
branch solution is always stable and
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physically realizable, while the lower branch
solution is not.

The main focus of the present paper is to
continue the work of Nadeem et al. (2014)
by considering the influence of suction using
a different surface, which is the shrinking
surface. The effect of the involved
parameter is numerically analyzed and has
been elaborated in particular for the
characteristics of fluid flow and heat
transfer. The bvp4c package is implemented
in MATLAB software in order to compute
the numerical results as well as to confirm
the upper branch solution is stable, while the
lower branch solution is not.

FORMULATION OF THE PROBLEM

In this study, a steady three-dimensional
rotating boundary layer flow in nanofluid
past a shrinking sheet at z =0 is considered
by taking into account the effect of suction
at the surface. The velocity components
corresponding to x, yandz directions are
given by u,v andw, respectively. Q is
denoted as the angular velocity of the
rotating fluid in zdirection and T is the
temperature of the fluid. Based on the
following assumptions, the governing
equations for the mass, momentum and

energy can be written as:
M N Wy 1)
ox oy
_ 2
ua—u+va—u+w——2£2v:ﬂ“fa—lj, 2)
ox oy P OL
2
u@+v@+wﬁ+zmzﬂ”fa—\;, (3)
oXx oy 0 Py OL
2
u£+vg+ o 2 4)
ox oy 0z
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The boundary conditions for the Equations (1)-(4) are

u=U(x), v=0, w=-w,, T=T, at z=0,
u—>0,v—>0,T—>T, as z—oo.

()

We assume the surface is being shrunk with k, are dynamic viscosity, thermal
the velocity U(x)=ax in which a<0is a diffusivity, density and thermal
constant, w, is the constant mass flux with conductivity of nanofluid and k, is the
w, >0 for injection, while w,<0 for thermal conductivity of the base fluid. The
suction. Besides, T, is the temperature above mentioned parameters relate to the
. § _ nanoparticl lume fraction r
outside the boundary layer and T, is the f:”s\?vi_t'ce volume fraction, ¢ are as
temperature at the wall. u ., a,, p, and '
oM Kk (+2K) =20 —k)
T4 " (PC)y ke (K +2K,)+ ek, —k,) (6)

P =A=P)p; + 805, (0C,)y =Q=0)(C,) +d(0C,);,

where  pC_~ refers to volumetric heat

capacity, and are the density and . o . ’
pactly, H y (4) with the conditions (5) can be written in

dynamic  viscosity of the base fluid, a simpler form by using the linear similarity
respectively, and k; is the thermal transformations below:

S

conductivity of solid nanoparticles.

Equation (1) is satisfied and Equations (2)-

T-T,
T,-T.

[e'e]

! _ — — i =
u=axf'(), v=axh(), w=—Jav, f (1), n=2 v () ()

Next, Equations (6) and (7) are substituted into Equations (2)-(4) to obtain the following
ordinary differential equations below:

1

= f"+ ff"— f'2+20h =0, (8)
A-¢)*°[ @)+ (o, p;) ]
N— h"+ fh'—hf '~ 20f ' =0, 9)
A-¢)*[A-@)+d(p, ! p;) ]
K /K 0"+ f0' =0, (10)

Pr[(l—¢) +p(pC,)s 1 (pC,)4 :I
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and the conditions (5) become
f(0)=S, f'(0)=-1, h(0)=0, #(0)=1,

11
f'(n) >0, h(n) >0, 8(n) >0 as n —> x. (1)
In the above equations, primes refer to where S <0 for injection and S>0 for
differentiation with respect to similarity suction.
variable, n and the Prandtl number is
defined as Pr=v, /«,. Besides that, the The skin friction coefficients in terms of

wall shear stresses and the heat transfer

rotation and constant mass flux parameters L
coefficient in terms of Nusselt number can

are given by Q=Q/a and S, respectively, be expressed as:
2 1 U2 gn
Cf, = u (0uldz), I p(ax) :WRex f7(0), (12)
Cl, = 4y (01 00), | () = = RO, (13)
—k
Nux = _anf (aT /az)z:o / kf (Tw _Too) = k_nf Reilz 9’(0)1 (14)

f
where Re, =Ux/v, isthe local Reynold number and Nu, is the local Nusselt number.

FORMULATION FOR STABILITY ANALYSIS

The first step to perform a stability analysis is to consider the problem in unsteady case. Hence,
Equations (2)-(4) are substituted by

N 2
a—u+ua—u+va—u+wa—u—2£2v:'u"fa—l;, (15)
ot ox oy 0z Pu 02

. 2
@+u@+v@+wﬂ+2§2u='u"fa—\2/, (16)
ot ox oy oz Pu OZ

2
T T T T, O o

Uu—+Vv—-+ N
ot OX oy 0z oz

where t refers the time. From Equation (7), the new dimensionless variables for unsteady
problem take place as:

Ut

E T-T
u:aXf, ’ 1V:aXh ) 1W:_ a f ’ ’ =17 ] H ’ = 001 = . 18
(,7) (,7) Javi f(n.2), 7 ” (7,7 T T T X (18)
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Substituting Equation (18) into Equations (15)-(17), we obtain the following:

L 83f+ aZf_ ﬂz—azf +20h=0 (29)
A-)°[-p)+ 8o,/ py)|on®  on® \on) onor ’
1 oh o g2 0 (20)
Q- [W-p)+d(p./ p)]on® on on o on
k. /k 2
ot /Ki 60, 120 _00 _, 1)

—+ —_— =
Prl—¢)+4(oC,),/ (0C,) |0n*  on oc

subject to the boundary conditions

f(0,7) =S, ﬂ(O,z') =-1, h(0,7) =0, 6(0,7)=1,
o 22)
S—f(iy,r) —0, h(n,7) >0, 8(n,7) >0 as n— .
n

Furthermore, to identify the stability of the steady flow solution f () = f,(77), h(z7) =h,(n) and
6(n7) = 6,(r7) which complying the boundary value problem (19)-(22), we assume

f(n,7)=1f,(n)+e " F(n.7), h(n,7)=hy(m)+e""H(n,7),
O(n,7) =6,(n) +e 7" G(n,7),
where y is an unknown eigenvalue, F(,7), H(n,7) and G(z,7) are small relative to f,(77),

h,(n7) and 6,(n), respectively. Substituting Equation (23) into Equations (19)-(22), we obtain
the linearized problem

(23)

3 2 2 2
1 OF, OF O, ,ohoF oF O°F

+ + y

A-9)*°[A-@)+(p./ p) |0n°  *on* ~ on* “onon " on onor
1 OH ¢ OH gy o OF oy H 0

o [@-D+dpip)|on  “on  on on ‘on | or on

+20h=0, (24)

(25)

k. /k 2
A oG §+F89°+VG—§=O, (26)

2+0
Prl@-¢)+¢(oC,),/ (pC,), Jon*  “on  on ot

23



Malaysian Journal of Science Special Issue (1) 2019: 19-32
ICMSS2018
3rd International Conference of Mathematical Sciences and Statistics
6™ - 8t February 2018

together with the boundary conditions

F(0,7) =0, %(O,r)=0, H(0,7) =0, G(0,7)=0,
on 27)
2—F(77,2')—)0, H(n,7) >0, G(n,7) >0 as 7 — .
n

As discussed by Weidman et al. (2006), we are setting = =0 to identify the initial growth or
decay of the solution (23). Thus, functions F =F,(7), H=H,() and G=G,(7). To test our
numerical method, we consider the following linear eigenvalue problems

1

R+ fR + R —2fF +yF +20H, =0, (28)
W=-p=[A-A+d(olpp] " "7 00 T 0
1 " ’ ' 4 ! !
Ho'+ foHo +Fohy' — fHy — Fhy + yH, —20R =0, (29)
- [@-p+doipp] © "0 00 0T 0 0

knf /kf
Pr[(1-¢)+4(oC,), ! (oC,); ]

together with the new conditions

G, + f,G, +F,0, +7G, =0, (30)

F(0)=0, F)(0)=0, Hy(0) =0, G,(0)=0, (31)

FJ(?])—)O, H,(r7) >0, G,(7) >0 as n — .

We should note that for a certain value of Pr
andy, the stability of the steady flow

solutions f,(7), h,(n) and 6,(n) is

the condition F, (7) >0 as 7 — oo which
later changes to the new condition

identified by the smallest eigenvalues. These R (0) =1

smallest eigenvalues give two solutions, first

is a negative solution and second is a

positive  solution. For the negative RESULT AND DISCUSSIONS
eigenvalue, there is an initial growth of

interruption and the flow is said to be In order to give an understanding of the
unstable. Meanwhile, for the positive current problem, the numerical
eigenvalue, there is an initial decomposition computations are carried out for the selected
and the flow is said to be stable. Based on parameters of interest, including, rotationQ,
the previous study by Harris et al. (2009), nanoparticle volume fraction ¢ and suction
they suggest that the range of the possible S parameters. The Equations (8)-(10) with
eigenvalues can be computed by relaxing a conditions (11) are solved using bvp4c
boundary condition on  F,(7), H,() or function in MATLAB software. The range
G,(n). In the present study, we solve the of values of ¢ is between 0 to 0.2, where
eigenvalue problems (28)-(31) by selecting ¢ =0corresponding to a regular fluid and
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Pr =6.2 (water). The thermophysical with an increment in the value of ¢. The
properties of the copper (Cu), titania fact that the presence of nanoparticles in the
(TiO,), alumina (AlO,) and the base fluid base fluid will accelerate the fluid motion
are given in the work of Oztop and Abu- due to the collision between the
Nada (2008). Figures 1 (a) to (c) present the nanoparticles and base fluid particle. Thus,
effect of nanoparticle volume fraction ¢ on decreasing the momentum boundary layer

thickness and consequently, increasing the
skin frictions at the surface. Furthermore,
the opposite trend is observed for the local
Nusselt number as the ¢ increase. It should
be noted that the critical values of suction
seem to decrease as the ¢ increase.

the variation of the skin friction coefficient
of x and y components, f"(0)and
h'(0) and the local Nusselt number —6€'(0)
with suction parameter for Cu-water
nanofluid whenQ=0.001. It is found that
the magnitude of the skin friction
coefficients for both components increase

3a¢

Upper branch

Cu-water (1=0.001 | 18} Upper branch
Lower bratich — —— —-

151 Lowerbranch ————-

Cu-water £2=0.001 1

= 2
e § 8 =17025
[ = 08¢r ¢
16+ ‘
0B+
. 3 =18420
1t E D4p °
_______ 02r l i
08r 8 =16420 T TTTo=====
[ 0r ™= »
16 17 18 189 2 21 22 23 24 16 17 18 19 2 21 22 23 24
s 3
(a) (b)

16+ Upper branch
Lower branch —— ——-

Cu-water £1=0.001 1

P . L . L L L L .
16 17 18 19 2 21 22 23 24
B

(©)

Figure 1. (a-c) Effect of nanoparticle volume fraction ¢ on the skin friction coefficient of x and
y components and local Nusselt number.

25



Malaysian Journal of Science Special Issue (1) 2019: 19-32
ICMSS2018
3rd International Conference of Mathematical Sciences and Statistics
6™ - 8t February 2018

Figures 2 (a) to (c) illustrate the influence of solutions exist. S, is the critical value of
the rotation Q on th_e varlat_lon of the f"(0), suction for which Equations (8)-(10) have
h'(0) and —¢'(0) with suction parameter for no solutions. It is worth mentioning that
TiO, when ¢=0.2. From these figures, the increasing the rotation in the flow reduces
magnitude of the f"(0), h'(0) and the momentum boundary layer thickness.

Consequently, increases both the skin

—0'(Q)are moticed to increase when the friction coefficients of x and y components

values of the rotation increase. However, the

. . on the wall.
dual solutions exist when € =0.001 for
S, >2.0564, while beyond this limit no
3[ Upper branch $=02 TiO ] 121 Upper branch $=02 TiO,

Lower branch ————- Lower branch ————-

258+

1=0.001,0.3,0.5

FT 8 =20564
c

\"\.
T~—_._  @=o0001
0sk | of  8,=20564 e
14 16 18 2 272 2.4 1.4 16 18 2 272 2.4
= =
(@) (b)
Upper branch $=02

10F Lowerbranch ————-

-9(0)

TiC

Figure 2. (a-c) Effect of rotation Q on skin friction coefficients of x and y components and
local Nusselt number.
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Figures 3 and 4 demonstrate the effects of
the velocities of x andycomponents,
f'(n), h(n) and the temperature profiles
6(n). All the profiles are plotted to validate

the numerical results obtained in the current
study. It is shown that all profiles have
satisfied the boundary conditions (11)

e

Cu-water

04

—0.6-

-08-

Upper branch
Lower branch — — —

$=0.1 Q=0.001

T T
4 10

6™ - 8t February 2018

the different nanoparticles and suction
parameter on asymptotically with different
patterns of graphs. As we noticed, the
thickness of the boundary layer for the lower
branch solution is always thicker than the
upper branch solution.

Upper branch
Lower branch — ——

Q=0.001

=0.1

-
-—

®=0.1 Q=0.001

Upper branch
Lower branch — ——

Figure 3. (a-c) Effect of suction S on the velocity of x and y components and temperature

profiles.
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From this study, the stability of the dual
solutions are identified using bvp4c function
in MATLAB software. This analysis is
conducted to know which of the upper or
lower branch solution is linearly stable by
depending on the sign of the smallest
eigenvalues obtained. The  unknown
eigenvalue is introduced in Equation (23)
and to determine the values of y, the linear
eigenvalue problems given in Equations
(28)-(30) subjected to the conditions (31) is
being applied. Table 1 and 2 displays the
smallest eigenvalues y for different values

6™ - 8t February 2018

of the selected parameters of interest. From
the tables, the positive value of y represents
an initial decay of disturbance and the flow
is said to be stable for the upper branch
solution. Meanwhile, the negative value of
y refers to an initial growth of disturbance
and the flow is an unstable for the lower
branch solution. The stable flow is always
given a good physical meaning that can be
realized.

Upper branch
Lower branch — — —

Q=10.001

=01

---"'—\-—._

Upper branch
Lower branch — — —

0 g——
§5=23
-02
Cu,TiO, ,ALO,
-0.4- = =
f(n) h(n)
-064
0z
Upper branch
0=0.1 Q2=0001 Lowerbranch ———
-1 T T T T T
0 2 4 6 8 10 12
n
(@)
1
0=0.1 Q2=0.001
0.84
0.6+
8(n)o
8(n)

T T T
0.6 08 1

Figure 4. (a-c) Effect of nanoparticles on the velocity of x and y components and temperature

profiles.
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Table 1. Smallest eigenvalues » for various values of Q and S when ¢ =0.1 for Cu-water

nanofluid.
Q S Upper branch Lower branch
0.0 2.1 0.9921 -0.6365
2.2 1.1591 -0.6890
2.3 1.3277 -0.7328
0.001 2.1 0.9922 -0.0352
2.2 1.1593 -0.0211
2.3 1.3279 -0.0104
0.1 2.1 1.3905 -
2.2 1.5495 -
2.3 1.7131 -

Table 2. Smallest eigenvalues y for various values of ¢ and S using a different nanoparticles

when Q=0.001.
Nanoparticles ¢ S Upper branch Lower branch
Copper 0 2.1 0.4041 -0.3356
2.2 0.5957 -0.4549
2.3 0.7574 -0.5378
0.1 2.1 0.9922 -0.0352
2.2 1.1593 -0.0211
2.3 1.3279 -0.0104
0.2 2.1 1.1186 -0.0247
2.2 1.2878 -0.0131
2.3 1.4707 -0.0045
Alumina 0 2.1 0.4041 -0.3356
2.2 0.5957 -0.4549
2.3 0.7574 -0.5378
0.1 2.1 0.3984 -0.3316
2.2 0.5911 -0.4522
2.3 0.7531 -0.5358
0.2 2.1 0.1042 -0.0972
2.2 0.4119 -0.3400
2.3 0.5954 -0.4534
Titania 0 2.1 0.4041 -0.3356
2.2 0.5957 -0.4549
2.3 0.7574 -0.5378
0.1 2.1 0.4463 -0.3642
2.2 0.6306 -0.4744
2.3 0.7903 -0.5531
0.2 2.1 0.2557 -0.2258
2.2 0.4869 -0.3894
2.3 0.6590 -0.4884
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CONCLUSION

In this paper, the effect of the nanoparticles
volume fraction, rotation and suction
parameters on the fluid flow and heat transfer
analysis of the rotating flow past a shrinking
surface in nanofluid is investigated. The
stability analysis is performed to identify the
stability of the solutions obtained. Some
discussions that can be made are as follows:

e Dual solutions exist when the values
of rotation are small enough, says
Q=0.001for S, >2.0564 and beyond

this limit no solutions exist for TiO,.

e The highest values of heat transfer
occur for Cu compared to Al,O,and

TiO, due to it has higher thermal
conductivity than others.

e The upper branch solution is stable
and physically realizable compared to

the lower branch solution.

e Increasing the rotation parameter gives
rise the magnitudes of the skin friction
coefficients and the local Nusselt
number.

e Increasing the nanoparticles volume
fraction parameter leads to an increase
in the skin friction coefficients, while
the opposite trend is found for the
local Nusselt number.
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